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motivation

Algorithms that generate and transform ﬁnite automata often
produce redundant states and transitions
Minimisation saves space and ultimately speeds up computation
Canoncial forms (when they exist) are useful for equivalence testing
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nerode congruence

An alphabet is a ﬁnite nonempty set. Let Σ be an alphabet, and Σ∗
the set of (ﬁnite-length) strings over Σ.
An equivalence relation ∼ over Σ∗ is a right congruence if x ∼ y
implies xz ∼ yz for every x, y, z ∈ Σ∗ .
The congruence saturates a language L ⊆ Σ∗ , if for every x, y ∈ Σ∗ ,
x∼y

implies

x ∈ L iff y ∈ L .

For every L ⊆ Σ∗ , the Nerode congruence ∼L is the coarsest right
congruence that saturates L.
The language L is regular if and only if ∼L has ﬁnite index.
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finite state automata

A ﬁnite state automata is a tuple A = (Q, Σ, I, δ, F), where
∙ Q is an alphabet of states,
∙ Σ is an alphabet of input symbols,
∙ I ⊆ Q is a set of initial states,
∙ δ : Q × Σ × Q is a transition relation, and
∙ F ⊆ Q is a set of ﬁnite states.
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terminology

Let A = (Q, Σ, I, δ, F) be an FSA, and let q ∈ Q.
The backward language is the set of strings Lq (A) accepted by
(Q, Σ, I, δ, {q}).
The forward language is the set of strings Lq (A) accepted by
(Q, Σ, {q}, δ, F).
The states p, q ∈ Q are equivalent if Lq (A) = Lp (A). The states p and
q are distinguishable if they are not equivalent.
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deterministic automata

deterministic automata

A = (Q, Σ, I, δ, F) is deterministic if |I| = 1 and δ is functional on its
ﬁrst two arguments.
Merge states p and q if Lp (A) and Lq (A) are subsets of the same
equivalence class of the Myhill-Nerode congruence.
Equivalently, merge if Lp (A) = Lq (A).
Strategies:
∙ Partition reﬁnement
∙ Partition aggregation
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partition refinement – moore’s algorithm

Computes a series of equivalence relations R0 , R1 , . . . and halts
when a congruence is reached. [Moore, 1956]
∙ Initially R0 = {Q \ F, F}
∙ Let Ri+1 be Ri reﬁned against Ri
∙ Repeat until Ri+1 = Ri .
( )
Worst-case complexity is O n2 .
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partition refinement – hopcroft’s algorithm

Similar to Moore’s algorithm, but uses the cunning strategy of
splitting against the smaller half ﬁrst [Hopcroft, 1971].
No state is split against more than log n times.
Worst-case complexity is O(n log n).
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acyclic automata

An efﬁcient data structure for
lexicons [Aho et al., 1986]

1
a

Minimisable in linear time [Revuz, 1992]
∙ Divide the states into layers, placing
each q in layer max{|w| | w ∈ Lq (A)}.
∙ Sort the layers in ascending order
with bucket sort
Extended to automata where all strongly
connected components are simple
cycles [Almeida and Zeitoun, 2008]
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partition aggregation

Aggregation-based algorithm built on the following recursive
equivalence test [ten Eikelder, 1991, Watson, 1995]:
Equiv(p, q) = (p ∈ F ↔ q ∈ F) ∧

∧

Equiv(δ(p, a), δ(q, a)) .

a∈Σ

(
)
Worst-case complexity is O α(n2 )n2 , where α is essentially the
inverse of Ackermann’s function [Almeida et al., 2014].
Slow, but intermediate solutions preserve language-equivalence.
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other approaches

Brozozowski’s algorithm: reverse, determinise, trim; reverse,
determinise, trim [Brzozowski, 1962].
Requires exponential time in theory, folklore says “not that bad” in
practice.
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nondeterministic automata

nondeterministic automata

Minimization is PSPACE complete [Meyer and Stockmeyer, 1972] and
the solution is not guaranteed to be unique.
Cannot be efﬁciently approximated within a factor o(n), unless P =
PSPACE [Gramlich and Schnitger, 2007].
NP-hard for acyclic unambiguous FA that have a state q with two
transitions on the same symbol. [Björklund and Martens, 2012]
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bisimulation relations
An equivalence relation ∼ on Q is a bisimulation relation if for every
p, q ∈ Q such that p ∼ q,
- p ∈ F ↔ q ∈ F, and
- (∀a ∈ Σ) (∀p′ ∈ δ(p, a)) (∃q′ ∈ δ(q, a)) : p′ ∼ q′ .
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bisimulation relations (continued)

Bisimulation equivalence implies language equivalence, but the
reverse is not true.
Merging bisimulation-equivalent states reduces the size of the
automaton, but gives no compression guarantees.
Coarsest bisimulation relation is unique and can be computed in
O(m log n) [Paige and Tarjan, 1987].
Relies on counter manipulation to run efﬁciently.
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bisimulation relations (continued)

We can also consider backward bisimulation and merge states that
are reachable by the same sets of strings.
Repeated forward bisimulation has no effect, nor has repeated
backward bisimulation, but if used alternatingly, the two operations
can be effective.
When applied to deterministic automata, forward bisimulation
coincides with regular minimisation, and backward bisimulation has
no effect (why?).
Can be computed through partition aggregation in O(dmn), where
d = max{|δ(p, a)| | p ∈ Q, a ∈ Σ} [Björklund and Cleophas, 2017] .
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simulation relations
A relation ∼ on Q is a simulation if for every p, q ∈ Q such that p ∼ q,
- p ∈ F → q ∈ F, and
- (∀a ∈ Σ) (∀p′ ∈ δ(p, a)) (∃q′ ∈ δ(q, a)) : p′ ∼ q′ .
If p ∼ q and q ∼ p, then p and q are simulation equivalent.
The simulation relation can be computed in
(
)
O mn2 [Abdulla et al., 2008].
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weighted automata

weighted automata
Equip transitions, initial states, and ﬁnal states with weights.
Typically taken from a semiring (A, ⊕, ⊗, 0, 1).
Multiply along transitions transit; add across runs.

a/1
a/2
1

b/3
a/4
3

a/60
b/36

2

1
b/1

4

5

6

1

a/10
b/3
a/10

b/1

7

8

2

b/6
20

hopcroft’s algorithm with weight pushing
Push weights towards initial state, then minimize as usual, taking the
weights as parts of the label
Applicable to deterministic automata
Runs in O(m log n) [Mohri, 1997]
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tree automata

tree automata

Let us now take Σ to be a ranked alphabet. A tree automaton is a
tuple M = (Q, Σ, δ, F), where
∙ Q is an alphabet of states,
∙ Σ is an input alphabet,
∙ δ : Q∗ × Σ × Q is a transition relation, and
∙ F ⊆ Q is a set of accepting states.
Forward bisim. is in O(rm log n), and
(
)
backward bisim. is in O r2 m log n [Högberg et al., 2007].
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summary

string automata

Task

Automata

Complexity

Reference

Minimization

Det., Acyclic, Boolean

O(m + n)

[Revuz, 1992]

Minimization

Det., Boolean

O(n log n)

[Hopcroft, 1971]

Minimization

Boolean

O(m log n)

[Paige and Tarjan, 1987]

Bisimulation

Additiv. cancel.

O(m log n)

[Buchholz, 2008]

Bisimulation

Semiring

O(mn)

[Buchholz, 2008]

Simulation

Boolean
Semiﬁeld

O(mn)
(
)
O mn2

[Ranzato and Tapparo, 2007]

Minimization

[Berstel and Reutenauer, 1988]
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tree automata

Task

Automata

Complexity

Reference

Minimization

Det., Boolean

O(rm log n)

[Brainerd, 1968]

Forward bisim.

Additiv. cancel.

[Högberg et al., 2007]

Backward bisim.

Additiv. cancel.

O(rm log n)
(
)
O r2 m log n

Forward bisim.

Semiring

O(rmn)

[Högberg et al., 2007]

O(rmn)
(
)
O r2 mn
(2
)
O r mn
(
)
O mn2

Minimization

Det., Semiﬁeld

Backward bisim.

Semiring

Backward sim.

Boolean

Minimzation

Field

[Högberg et al., 2007]

[Maletti, 2009]
[Högberg et al., 2007]
[Abdulla et al., 2009]
[Berstel and Reutenauer, 2011]
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toolkits

OpenFST Library for constructing, optimizing and searching
weighted ﬁnite-state transducers. [Berstel, 2013],
[Berstel and Reutenauer, 1988, Mohri, 2009]
Fado Tools for ﬁnite automata visualisation and
manipulation. [Moreira and Reis, 2005],
[Almeida et al., 2009]
Tiburon Tree automata toolkit. [May and Knight, 2006]
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thank you!
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